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Relativistic free-motion time-of-arrival theory for spin-1/2 particles is systematically developed. 
The relativistic time-of-arrival operator is self-adjoint because of the particle-antiparticle symmetry, 
which emphasizes the fact that, relativistic quantum mechanics requires us to put space and time on 
an equal footing. The nonrelativistic limit of our theory is in agreement with the nonrelativistic 
time-of-arrival theory. 
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I. INTRODUCTION 
In the traditional formalism of quantum theory, time enters as a parameter rather than a 
dynamical operator. As a consequence, the investigations on tunneling time, arrival time and 
traversal time, etc., still remain controversial today [1-19]. On the one hand, one imposes 
self-adjointness as a requirement for any observable; on the other hand, according to Pauli's 
argument [20-23], there is no self-adjoint time operator canonically conjugating to a 
Hamiltonian if the Hamiltonian spectrum is bounded from below. A way out of this 
dilemma set by Pauli's objection is based on the use of positive operator valued measures 
(POVMs) [19, 22-26]: quantum observables are generally positive operator valued 
measures, e.g., quantum observables are extended to maximally symmetric but not 
necessarily self-adjoint operators, in such a way one preserves the requirement that time 
operator be conjugate to the Hamiltonian but abandons the self-adjointness of time operator. 
However, all mentioned above are mainly based on the framework of nonrelativistic 
quantum mechanics. In this paper, arrival time is studied at the level of relativistic quantum 
mechanics, for the moment Pauli's objection is no longer valid. Comparing with other 
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valuable works on relativistic time of arrival [27-28], our work is based on relativistic 
quantum mechanics of spin-1/2 particles, and lays emphasis on a directly relativistic 
extension for the traditional theory of nonrelativistic time-of-arrival. In the following, the 
natural units of measurement ( 1c= == ) is applied, repeated indices must be summed 
according to the Einstein rule, and the space-time metric tensor is chosen as 
, diag(1, 1, 1, 1)g μν = − − − , 0,1, 2,3μ ν = . 
II. RELATIVISTIC QUANTUM MECHANICS OF FREE DIRAC PARTICLES IN 
OUR FRAMEWORK 
Firstly, let us review relativistic quantum mechanics of free Dirac particles according 
to our purpose. The free Dirac particles of rest mass m satisfy the Dirac equation  
            ˆi ( , ) ( ) ( ,t m
t
ψ β∂ = ⋅ +∂ x α p )tψ x ,                        (1) 
where the Hamiltonian is ˆ ˆH mβ= ⋅ +α p , and 
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where 2 2I ×  is the 2×2 unit matrix (and so on), 1 2 3( , , )σ σ σ=σ  is a matrix vector whose 
components consist of the Pauli matrices:  
              , 1
0 1
1 0
σ ⎛ ⎞= ⎜ ⎟⎝ ⎠ 2
0 i
i 0
σ −⎛ ⎞= ⎜ ⎟⎝ ⎠ , 3
1 0
0 1
σ ⎛ ⎞= ⎜ ⎟−⎝ ⎠ .                (3) 
To solve Eq. (1) one usually chooses { Hˆ , ˆ i= − ∇p , Λˆ = ⋅S p p } as a complete set of 
dynamical operators, where Λˆ = ⋅S p p  is the helicity operator and S  the spin matrix 
of spin-1/2 particles 
                    
01
02
⎛ ⎞= ⎜⎝ ⎠
σ
S
σ ⎟ .                                 (4)  
For our purpose, we shall restrict our discussion to the (1+1) dimensional (2D) 
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space-time, and let ( , )x t xμ =  ( 0,1μ = ) denote the 2D space-time coordinate, 
( , )p E pμ =  the 2D momentum, and so on. For the moment, 1ˆ ˆH p m ˆ ipα β= + , x= − ∂ ∂ , 
and the elementary solutions of Eq. (1), as the common eigenfunctions of Hˆ ,  and pˆ
1
ˆ S p pΛ = , can be written as ( , ) ( )exp( i )p s p s pt x x E tλ λψ ψ λ= − , where (see for example, 
Ref. [29] with the 4D space-time replaced by the 2D space-time) 













ηλ σϕ ηλ λ
⎛ ⎞+ ⎜ ⎟= ⎜ ⎟⎜ ⎟+⎝ ⎠
,               (5) 
where 2 2pE p m= + , 1λ = ±  characterizes the positive and negative solution with the 
time evolution factor pEλ , the two-component spinors sη  (s=±1/2) are the eigenfunctions 
of the helicity operator 1 2p pσ : 1 2s sp p sσ η = η , and satisfy the orthonormality and 
completeness relations:  
                s s ssη η δ+ ′ ′= , 2 2s s
s
Iη η+ ×=∑ ,                          (6) 
where sη+  represents the hermitian conjugate of sη  (and so on). In our case, one has 
            1 2
11
12
η ⎛ ⎞= ⎜ ⎟⎝ ⎠ , 1 2
11
12
η− ⎛ ⎞= ⎜ ⎟−⎝ ⎠ .                          (7) 
Using Eqs. (5) and (6), one can examine that { ( )p s xλψ } forms a complete orthonormal set:  
            
4 4
,
( ) ( )d ( )
( ) ( )d ( )
p s p s ss
p s p s
s
x x x p p




ψ ψ δ δ δ
ψ ψ δ
+
′ ′ ′ ′ ′
+
×
⎧ ′= −⎪⎨ ′ ′= −⎪⎩
∫
∑∫ .                   (8) 
Let x  and p  respectively denote the position- and momentum-eigenstates, they 
respectively satisfy the orthonormality and completeness relations as follows: 
            
( )
d 1
x x x x
x x x
δ′ ′⎧ = −⎪⎨ =⎪⎩∫  , 
( )
d 1
p p p p
p p p
δ′ ′⎧ = −⎪⎨ =⎪⎩∫ .                 (9) 
Note that 1 2exp(i ) (2π)x p px= . In terms of x , Eq. (5) can be written as  
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              ( ) , , ( )p s sx x p s p x pλ λψ λ ϕ= ≡ ,                   (10) 
where  










ηλ σϕ ηλ λ
⎛ ⎞+ ⎜= ⎜⎜ ⎟+⎝ ⎠
⎟⎟ ,                    (11) 
and , ,p sλ ’s are the common eigenstates of Hˆ ,  and pˆ Λˆ , namely 
         ˆ , , , ,pH p s E p sλ λ λ= , 1λ = ± , 2pE p m= + 2 ,           (12) 
         ˆ , , , ,p p s p p sλ λ= , ( ,p )∈ −∞ +∞ ,                       (13) 
         ˆ , , , ,p s s p sΛ λ λ= , 1 2s = ± .                           (14) 
Using Eqs. (8)-(10), one can show that { , ,p sλ } forms a complete orthonormal set  
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p p s p s I
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′ ′ ′ ′⎧ =⎪⎨ =⎪⎩∑∫
−
.                    (15) 
Moreover, Eq. (10) implies that  
               , , ( )sp s pλλ ϕ= p ,                              (16) 
On the other hand, substituting ( , )p s t xλψ  into the Eq. (1), one has 
             1( ) ( ) ( )s sp m p Eλ λ pα β ϕ ϕ+ = .                        (17) 
That is, ( )s pλϕ  can be regarded as the momentum-representational eigenfunction of Hˆ .  
Assume that { , ,p sλ } spans a Hilbert space , then the eigenfunctions H
( ) , ,p s x x p sλψ λ=  are the functional in the Hilbert space . For our purpose, let H 0p ≠ , 
i.e., 2 2E m≠ , this condition presents no problem for our issues. For the moment, 
pE Eλ= ∈ ( , ) ( ,m m m≡ −∞ − +∞R ∪ ) . Consider that 
               
0
1
( )d ( )d
a
f p p f ap p
+∞ +∞
−∞ =±
= ∑∫ ∫ ,                   (18) 
one can rewrite , ,p sλ  as , ,ap sλ  with 1a = ±  and (0, )p∈ +∞ , namely 
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      , , ,  ( , ),  0 , , ,  (0, ),  1p s p p ap s p aλ λ∈ −∞ +∞ ≠ ⇔ ∈ +∞ = ± .       (19) 
Seeing that ( ) ( )aaap a p p pδ δ δ′′ ′ ′− = −  for ,a a 1′ = ±  and , (0,p p )′∈ +∞ , in terms of 
, ,pE ap sλ  the orthonormality and completeness relations given by Eq. (15) becomes 
            
4 40
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′ ′ ′ ′ ′⎧ =⎪⎨ =⎪⎩∑ ∫
−
.                 (20) 
Here, , ,ap sλ  as common eigenstates of Hˆ , pˆ  and Λˆ , are normalized to ( )p pδ ′−  
for λ λ′= ,  and .  a a′= s s′=
Similar to Eq. (10), the x-representation of , ,ap sλ  is 
            ( ) , , ( )ap s sx x ap s ap x apλ λψ λ ϕ= = ,                    (21) 
where 1 2exp(i ) (2π)x ap apx= , and 










ηλ σϕ ηλ λ
⎛ ⎞+ ⎜ ⎟= ⎜ ⎟⎜ ⎟+⎝ ⎠
, 1a = ± , .            (22) 0p >
Now, let us rechoose the eigenstates of Hˆ , pˆ  and Λˆ  as being normalized to 
( )E Eδ ′−  for  and a a′= s s′=  ( pE Eλ= ∈ mR ): 
          
1 42 2 2, , [ ( )] , ,E a s E E m ap sλ≡ − ,                    (23)   
Using Eqs. (12)-(14) , (19) and (23), one has 
              ˆ , , , ,H E a s E E a s= , ( , ) ( , )mE m m∈ = −∞ − +∞R ∪ ,     (24) 
              ˆ , , , ,p E a s ap E a s= , 1a = ± , (0, )p∈ +∞ ,             (25) 
              ˆ , , , ,E a s s E a sΛ = , 1 2s = ± .                       (26) 
Using 2 2E p mλ= + , 2 2E p mλ′ ′ ′= +  and , (0,p p )′∈ +∞ , one has 
               1 22 2 2( ) [ ( )] ( )E E E E m pλλδ δ δ′′ ′− = − − p ,              (27) 
               1 22 2 2d [ ( )] dp E E m Eλ= − .                          (28) 
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Using Eqs. (23) and (27)-(28), in terms of , ,E a s  the orthonormality and completeness 
relations given by Eq. (20) can be rewritten as 
               
4 4
,
, , , , ( )




E a s E a s E E
E a s E a s E I
δ δ δ′ ′
×
′ ′ ′ ′⎧ =⎪⎨ =⎪⎩∑∫R
−
,                     (29) 
where . Similar to Eqs. (10) and (21), the x-representation 
of 
, ( , ) ( , )mE E m m′∈ = −∞ − +∞R ∪
, ,E a s  is 
             
1 42 2 2( ) , , [ ( )] ( )Eas sx x E a s E E m ap x apλψ ϕ= = − ,        (30) 
which implies that  
               
1 42 2 2, , [ ( )] ( )sE a s E E m ap apλϕ= − .                 (31)  
It is very important to notice that, Eqs. (15), (20) and (29) show that, without the 
negative-energy part, the completeness requirement cannot be met and then the general 
solution of the Dirac equation cannot be constructed.  
III. RELATIVISTIC FREE -MOTION TIME-OF-ARRIVAL OPERATOR 
A natural way of introducing time operator is based on the usual quantization 
procedure. In (1+1) D space-time, the classical expression for the arrival time at the origin 
 of a freely moving particle having position x and uniform velocity v, is 0 0x = t x v= − . 
In a nonrelativistic theory, the particle of rest mass m has momentum  such that 0p mv= ≠
t mx= − p . The transition from the classical expression to a quantum-mechanical 
description requires us to replace all dynamical variables with the corresponding linear 
operators, and symmetrize the classical expression. In this manner, one can obtain the 
nonrelativistic free-motion time-of-arrival operator ( ˆ ip x= − ∂ ∂ ) as follows: 
             1 1nonˆ ˆ ˆ ˆˆ(T m p x xp
− −= − + ) 2 .                           (32) 
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Using the Hamiltonian 2ˆ ˆ 2H p m=  and ˆ ˆ[ , ] ix p = , one can obtain that the commutation 
relation . In the momentum representation nonˆ ˆ[ , ]T H = −i ˆ ix p= ∂ ∂ , and Eq. (32) becomes 
                 non
i 1 1ˆ (
2
mT )
p p p p
∂ ∂= − +∂ ∂ .                           (33) 
The nonrelativistic time-of-arrival operator given by Eq. (32) has been studied thoroughly 
in previous literatures [11, 19, 21, 22]. 
In a similar manner, we will introduce a relativistic free-motion time-of-arrival 
operator. In the present case, the classical expression for the arrival time at the origin 
 of a freely moving particle having position x and uniform velocity v, is 0 0x =
( )t x v x E p= − = − , , where E is the relativistic energy of the particle satisfying 
. Replacing all dynamical variables with the corresponding linear operators, 
and symmetrizing the classical expression 
1c= ==
2 2E p m= + 2
t Ex p= − , one can obtain the relativistic 
time-of-arrival operator as follows: 
         1 1 1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ(1 4)[ ( ) ( ) ]T H p x xp p x xp H− − − −= − + + + ˆ ,                (34) 
or equivalently, 
       1 1 1 1 1ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ(1 6)[ ( ) ( ) ]T H p x xp p x xp H p Hx xHp− − − − −= − + + + + + 1− .        (35) 
In our case, Eqs. (34) and (35) are equivalent (e.g., they are both identical with Eq. (45)), 
then we will only study Eq. (34). In the momentum representation, Eq. (34) becomes 
         i 1 1 1 1ˆ [ ( )( ) ( ) ( )]
4
T H p H
p p p p p p p p
∂ ∂ ∂ ∂= − + + +∂ ∂ ∂ ∂ p .              (36) 
For convenience, here let Hˆ  denote the position-representational Hamiltonian while 
( )H p  the momentum-representational one. Likewise, we assume that whenever 0p ≠ , 
i.e., 2 2E m≠ . Using  one has 2 2E p m= + 2 p p E E∂ ∂ = ∂ ∂ , and then 
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            2 2
1 1 1 1 1ˆ( ) ( )
2 2( )
A p
p p p p E E E m
∂ ∂ ∂≡ + = −∂ ∂ ∂ − .             (37) 
Let us firstly consider the case of free spin-0 particles. As a heuristic discussion, let 
( )H p E= , Eq. (36) becomes  






E E E m
∂= − −∂ − ,                       (38) 
which implies that the canonical commutation relation K-Gˆ[ , ( )]T H p i= − . Furthermore, one 
can simplify Eq. (38) by passing from the momentum representation to the energy 
representation, the relation between the amplitudes for expansions over eigenstates 
normalized respectively to ( p p )δ ′−  and ( )E Eδ ′−  being 
              
1 42 2 2
K-G K-G K-G
[ ( )]p E E E m p→ = − ,                (39) 
which implies that, in the energy representation, Eq. (38) becomes  
                  K-Gˆ ( ) iT E E= − ∂ ∂ .                               (40) 
Now, let us consider the case of free Dirac particles, and then the Hamiltonian is 
            1ˆ ˆH p mα β= + , or 1( )H p p mα β= + .                 (41) 
For the moment let  denote the time-of-arrival operator. In the 
momentum representation, using Eqs. (36), (37) and (41) one can write time-of-arrival 
operator as 
Dirac Dirac
ˆ ˆ ˆ ˆ( , )T T x= p
              Dirac 1 1ˆ ˆˆ (i 2)[( ) ( ) ( )( )]T p m A p A p pα β α β= − + + + m
i
.         (42) 
It is easy to examine the canonical commutation relation . Applying Eqs. 
(23)-(24), (28), (37) and (42), one can prove the following relation  
Dirac
ˆ ˆ[ , ]T H = −





ˆ ˆ ˆd , , ( , ) , ,




p ap s T x p ap s






,                     (43) 
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where  
                 Diracˆ ( ) i ET E = − ∂ ∂ .                                (44) 
It shows again that, in the energy representation, the time-of-arrival operator is i E− ∂ ∂ .  
IV. EIGENVALUES AND EIGENFUNCTIONS OF THE RELATIVISTIC 
TIME-OF-ARRIVAL OPERATOR 
 By inserting Eq. (41) into Eq. (34) or (35), we get, in the position representation, 
              Dirac 1ˆ ˆ ˆ ˆ ˆ( , ) ( )T x p xα βτ= − + ,                          (45) 
where  
               1 1nonˆˆ ˆ ˆ ˆ ˆ ˆˆ( , ) ( ) 2T x p m p x xpτ − −− = = − +                      (46) 
is called the proper time-of-arrival operator. In fact, using the classical expression of 
relativistic time-of-arrival t xE= − p  one has 2 2 2( ) (t x xm p 2)τ− = ± = ± , and then the 
nonrelativistic time-of-arrival xm pτ− = −  plays the role of proper time-of-arrival. 
Correspondingly, the nonrelativistic time-of-arrival operator given by Eq. (32) plays the role 
of proper time-of-arrival operator.  
It is interesting to note that, the time operator Dirac 1ˆ ˆT x ˆα βτ= − −  is to 2 2t x 2τ= +  as 
the Hamiltonian 1ˆ ˆH p mα β= +  is to 2 2E p m2= + , which shows us a duality between the 
position space and the momentum space. Moreover, consider that in the energy 
representation, the time operator is always i E− ∂ ∂ , similar to the Schrödinger equation  
                    ˆi ( ) (t H t
t
ψ ψ∂ =∂ ) ,                               (47) 
one can formally introduce a dual counterpart of Eq. (47) 
                   ˆi ( ) ( )E T E
E
φ φ∂− =∂ .                              (48) 
However, for the moment, the energy E and the momentum p contained in ( )Eφ  should be 
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regarded as two independent variables. As , all the elementary solutions of 
Eq. (48) are given by Eq. (70).  
Dirac
ˆ ˆ ˆ ˆ( , )T T x p=
In the momentum representation, Eq. (45) becomes 
          Dirac 1 2




α β β∂= + − +∂ .                     (49) 
Let us consider the eigenequation  
                 DiracTˆ t t t= ,                                      (50) 
Firstly, let us study the eigenequation (50) in the momentum representation. In terms of the 
momentum-representational eigenfunction ( )t p p tφ = , the eigenequation (50) becomes 
                 .                                 (51) Diracˆ ( ) ( )t tT p tφ φ= p
Firstly, let us tentatively assume that 
             1 2( ) ( ) exp(i ) (2π)t pp h p E tφ λ= ,                           (52) 
where 2pE E p mλ= = ± + 2 , and  satisfies the equation ( )h p
             1( ) ( ) ( )2
mp m h p h p
p p
α β β∂+ =∂ .                          (53) 
Using E p p E∂ ∂ = , one can prove that the eigenfunctions of  are DiracTˆ
           2 2 2 1 4 1( ) [ ( )] ( )exp(i ) (2π)t s s pp p p m p E tλ λφ ϕ λ= + 2 ,             (54) 
where ( )s pλϕ  is given by Eq. (11). However, the exact value of the eigenvalue t remains 
to be determined. For this, one can assume that  
           1 2( ) ( ) ( )exp( i ) (2π) ( , )t p x f p px g x p p xφ ξ= − = ,            (55) 
where ( , ) ( ) ( )g x p x f pξ=  and 1 2exp( i ) (2π)p x px= − , ( )xξ  is a four-component 
spinor while ( )f p  is a c-number coefficient. Choosing a suitable coefficient ( )f p  such 
that ( , ) ( ) ( )g x p x f pξ=  satisfies the equation 
 10
               1( ) ( , ) (2
m , )p m g x p g x p
p p
α β β∂+ =∂ .                  (56) 
Substituting Eqs. (49) and (55) into Eq. (51) and using Eq. (56), one has 
 1( ) ( ) ( )x x t xα βτ ξ ξ+ = − ,                            (57) 
where xm pτ− = −  is the proper time-of-arrival. From Eq. (57) one has 
            2 2 xt x btτ= + = −∓ 1b, ± , 2 2xt x τ= + ,               (58) =









ητξ ξ σ ητ
⎛ ⎞+ ⎜ ⎟= = ⎜ ⎟⎜ ⎟+⎝ ⎠
, 1 2s = ±                 (59) 
where sη ’s are given by Eq. (7). On the other hand, using xm pτ =  Eq. (57) can be 
rewritten as 1( ) ( ) ( ) ( )x p p m x t xα β ξ ξ+ = − , that is 
           1( ) ( ) ( ) ( )p m x tp x xα β ξ ξ+ = − .                           (60) 
As the Hamiltonian of the free Dirac particles, 1( )H p p mα β= +  has the eigenvalue 
2
pE E p mλ= = ± + 2  (see Eq. (17)), and then Eq. (60) implies that E tp= − x , i.e., 
t xE= − p , which corresponds to the classical expression of relativistic time-of-arrival, just 
as one desired. Substituting xm pτ =  and t xE p= −  into Eq. (59) and using Eq. (11), 
one can find that ( )xξ  can be rewritten as 










ηλ σξ ϕ ηλ λ
⎛ ⎞+ ⎜= = ⎜⎜ ⎟+⎝ ⎠
⎟⎟ .                   (61) 
In fact, solving Eq. (60) one can directly obtain Eq. (61). Comparing Eqs. (17) with (57), Eq. 
(61) implies that the momentum-representational eigenfunctions of the Hamiltonian 
correspond to the position-representational eigenfunctions of the time-of-arrival operator, 
just as that the momentum-representational eigenfunctions exp( i )px±  of the position 
operator i p∂ ∂  correspond to the position-representational eigenfunctions of the 
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momentum operator i x− ∂ ∂ .  
Substituting ( , ) ( ) ( ) ( ) ( )bs sg x p x f p p f pλξ ϕ= =  into Eq. (56), and applying  
            12( ) ( )2s
m
sp pp Eλ
ϕ α βϕ∂ =∂ λ ,                          (62) 
one can obtain (note that xm pτ =  and t xE p= − )  
              
2 2 2 1 4 2 2 2 1
2 2 2 1 4 2 2 2 1
( ) [ ( )] [ ( )]
        [( ) ] [( ) ]
f p p p m x x
E m E t t
τ
τ
= + = +
= − = −
4
4
.                (63) 
Therefore, in the momentum representation, the eigenfunctions of  are Diracˆ ˆ ˆ( , )T x p
           
2 2 2 1 4 1
2 2 2 1 4 1 2
( ) [ ( )] ( ) exp( i ) (2π)
        [ ( )] ( )exp( i ) (2π)
t s
bs
p p p m p px






.             (64) 
In terms of ( , )x t xμ = , Eq. (64) can be rewritten as ( ) ( )t xbsp pφ φ= , where 
         2 2 2 1 4( ) [ ( )] ( ) , ,xbs bsp x x x p x p x b sφ τ ξ= + ≡ .                (65)  
In terms of ( , )p E pμ = , Eq. (64) can be rewritten as ( ) ( )t x sp pλφ φ= , where 
        2 2 2 1 4( ) [ ( )] ( ) , ,x s sp p p m p p x p x sλ λφ ϕ= + ≡ λ .                (66) 
Consider that ( )t p p tφ = , Eqs. (65)-(66) imply that 
          
2 2 2 1 4
2 2 2 1 4
, , [ ( )] ( )
   , , [ ( )] ( )
bs
s
t x d s x x x x




= = + .                      (67) 
On the other hand, replacing p ( ( ,p )∈ −∞ +∞ , 0p ≠ ) with ap ( 1a = ± , ), the 
eigenvalues and eigenfunctions of Eq. (51) can be written as 
(0, )p∈ +∞
atλ  and ( )x s apλφ , 
respectively, where  
          
2 2 2 1 4 1
( )
( ) [ ( )] ( ) exp( i ) (2π)
a p
x s s
t E ap x





= −⎧⎪⎨ = + −⎪⎩ 2
,          (68) 
where 1λ = ± , , 1a = ± 1 2s = ± , (0, )p∈ +∞ , 2pE p m= + 2  and ( )s apλϕ  is given 
by Eq. (22).  
Contrary to the nonrelativistic case, using Eq. (67) one can show that the 
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eigenfunctions of  form an orthonormal and complete set, for example DiracTˆ
        
2 2 2 1 2
2 2 2 1 2
4 4
, , , , [ ( )] ( )
d , , , , [ ( )]
ss
s
x s x s p p m x x
x x s x s p p m I
λλ
λ




′ ′ ′ ′⎧ = + −⎪⎨ = +⎪⎩∑∫
,            (69) 
As we know, within the propagator theory, Dirac antiparticles can be interpreted as 
particles of negative energy moving backwards in space and time [30-31], and then there 
are both positive and negative time-of-arrivals, they describe the time-of-arrivals of 
particles and antiparticles, respectively.  
It is interesting to note that, Diracˆˆ[ , ] 0x T ≠ , that is, there is an uncertainty relation 
between the time-of-arrival and position-of-arrival.  
Formally, taking the energy E and the momentum p contained in the eigenfunction of 
 as two independent variables, that is, DiracTˆ 0E p∂ ∂ = , we can combine Eqs. (54) and (64) 
into single eigenfunctions as follows: 
       2 2 2 1 4 1( ) [ ( )] ( ) exp[i( ] (2π)tbs bsE x x x Et pxφ τ ξ= + − 2
E
,            (70) 
Obviously, Eq. (70) represents all the elementary solutions of Eq. (48) with . 
Moreover, using Eq. (64) one has 
Dirac
ˆ ˆT T=
( ) ( )tbs t sE λφ φ= , where 
           2 2 2 1 4 1( ) [ ( )] ( ) exp[i( ] (2π)t s sE p p m p Et pxλ λφ ϕ= + − 2 .          (71) 
Eq. (59) shows that, excepting the factor of 2 2 2 1[ ( )]x x τ+ 4
)
, Eq. (70) can be regarded as 
the dual counterpart of the elementary solutions of the free Dirac equation. 
V. SELF-ADJOINTNESS OF THE RELATIVISTIC TIME-OF-ARRIVAL 
OPERATOR 
In our case, the domain  of , as a dense domain of the Hilbert space of 
square integrable functions on 
Dirac
ˆ(TD DiracTˆ
( , ) ( , )m m m= −∞ − +∞R ∪ , is a subspace of square integrable 
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absolutely continuous functions (say, ( )Eϕ ) whose derivative is also square integrable 
provided that ( )m 0ϕ ± = . Clearly, the operator  is symmetric.  DiracTˆ
Judged by Eqs. (45)-(46), the singularity of  is the same as that of the 
nonrelativistic time-of-arrival operator , the latter has been studied in Ref. [19, 
22]. Therefore, our results here are similar to those in Ref. [19, 22]:  is the set of 
absolutely continuous square integrable functions of p on the real line, and 
Dirac
ˆ ˆ ˆ( , )T x p
non




ˆ|| ||T ϕ  is 
finite. Therefore, the singularity of  at p=0 is avoided. However, in our case, because 
of the existence of negative-energy solutions, 
DiracTˆ
( , ) ( , )mE m m∈ = −∞ − +∞R ∪ , the deficiency 
indices are (0, 0), it follows that  is a self-adjoint operator. In other words, in our case 
the Hamiltonian spectrum is not bounded from below, such that Pauli’s theorem does not 
apply. Eqs. (15), (20) and (29) show that, without the negative-energy part, the 
completeness requirement cannot be met and then the general solution of the Dirac equation 
cannot be constructed. On the one hand, the negative-energy part is associated with 
antiparticles. On the other hand, antiparticles can be interpreted as particles of negative 
energy moving backwards in space and time [30-31]. 
DiracTˆ
To be specific, let i ( )pϕ+  and i ( )pϕ−  stand for the eigenfunctions of  with 
eigenvalues , respectively, it is required that 
DiracTˆ
+
i± i ( ) 0pϕ± →  as | | . Using Eq. (68) 
with 
p → +∞
( )a pt E ap xλ iλ= − = ± , i.e., i px ap Eλ= ∓ , one can easily prove that  
      2 2 2 1 4 2 1i ( ) [ ( )] ( )exp( ) (2π)s pp p p m ap p Eλφ ϕ λ± = + ∓ 2 .           (72) 
Therefore, using Eq. (72) and the requirement i ( ) 0pϕ± →  as | | , one has p → +∞
         i i( ) ( )p pϕ φ= , i ( ) 0pϕ− = , for 1λ = ,                        (73) 
         i ( ) 0pϕ = , i i( ) ( )p pϕ φ− −= , for 1λ = − ,                      (74) 
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         i i( ) ( ) 0p pϕ ϕ−= = , for 1λ = ± .                            (75) 
Let  denote the spaces of eigenfunctions of  with eigenvalues  and ( i)N ± DiracTˆ + i± n±  
denote the dimensions of , respectively, then the deficiency index of  is 
denoted as . Consider that 
( i)N ± DiracTˆ
( , )n n+ − 1a = ± , 1 2s = ±  and Eq. (22), and using Eqs. (73)-(75) 
one has:  
1). As 1λ = , i.e., only taking into account the positive-energy part, the deficiency index is 
(4, 0);  
2). As 1λ = − , i.e., only taking into account the negative-energy part, the deficiency index 
is (0, 4);  
3). As 1λ = ± , i.e., simultaneously taking into account the positive- and negative-energy 
parts, the deficiency index is (0, 0). 
However, due to the particle-antiparticle symmetry (charge-conjugation symmetry), 
the Hamiltonian spectrum is ( , ) ( , )m m m= −∞ − +∞R ∪  and only the case 3) is true, and 
then the deficiency index of  is (0, 0), such that  is a self-adjoint operator.  DiracTˆ DiracTˆ
In fact, Eqs. (15), (20) and (29) show that, without the positive- or negative-energy 
part, the completeness requirement cannot be met and then the general solution of the Dirac 
equation cannot be constructed. For example, to obtain a wave-packet with Gaussian 
density distribution, a superposition of plane waves of positive as well as of negative energy 
is necessary [29]. Moreover, at relativistic energies pair creation and annihilation processes 
occur. Therefore, the probability distributions for the relativistic time-of-arrival can be 
influenced by the interference between the positive- and negative-energy compounds of a 
wave-packet.  
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In a word, in relativistic quantum mechanics, observables are characterized by the 
probability distributions of measurement results in both positive- and negative-energy states. 
As a result, the relativistic time-of-arrival operator is a self-adjoint one, which in agreement 
with the fact that, in relativistic quantum mechanics, spatial and temporal coordinates have 
to be treated equally. 
VI. NONRELATIVISTIC LIMIT 
     Now, let us study the nonrelativistic limit of the eigenvalue and eigenfunction of the 
relativistic time-of-arrival operator . Using DiracTˆ
2 2
pE m p
2− =  let us rewrite Eq. (11) as 
the usual form: 











⎛ ⎞+ ⎜= = ⎜⎜ ⎟+⎝ ⎠
⎟⎟ ,                      (76) 
           
1












⎛ ⎞+ ⎜ += − = ⎜⎜ ⎟⎝ ⎠
⎟⎟ .                  (77)  
 In the nonrelativistic limit, one has 
         , .                (78) ( , ) ( )
0
s
su p s p
η ζ +⎛ ⎞→ ≡⎜ ⎟⎝ ⎠
0
( , ) ( )s
s
w p s pζη −
⎛ ⎞→ ≡⎜ ⎟⎝ ⎠
That is, the nonrelativistic limit of ( )s pλϕ  is equal to ( )s pλζ  ( 1λ = ± ). As we know, the 
general solution of the Dirac equation is a four-component spinor (say, 4-spinor). Eq. (78) 
shows that, in the nonrelativistic limit, the positive-energy solution ( 1λ = ) solely forms the 
upper 2-spinor of the 4-spinor, while the negative-energy solution ( 1λ = − ) solely forms the 
lower 2-spinor of the 4-spinor. For the moment, the general solution of the Dirac equation 
no longer contains a coherent superposition between the positive- and negative-energy 
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components, and in terms of 2-spinor, one can shows that the completeness relation can be 
satisfied solely by the positive- or negative-energy solution (now the completeness relation 
concerns the unit matrix 2 2I ×  rather than 4 4I × ). Therefore, in the nonrelativistic limit, we 
should separately analyze the positive-energy and the negative-energy components. 
Consider that positron is interpreted as electron of negative energy moving backwards in 
space and time, when we separately study the positive-energy and the negative-energy 
components, the Hamiltonian spectrum is ( , )m +∞ . In view of mentioned above, in the 
nonrelativistic limit, we will only consider the positive-energy solution (that is, take 1λ =  
only), such that 2pE E p m= = + 2  in the following.  
Firstly, the nonrelativistic limit of the eigenvalue of  is DiracTˆ
                  nont xE p t xm= − → = − p ,                         (79) 
where nont xm= − p  is the eigenvalue of the nonrelativistic time-of-arrival operator  
given by Eqs. (32)-(33).  
nonTˆ
In order to compare our results with those presented in the traditional theory of 
nonrelativistic time-of-arrival, let us study the nonrelativistic limit of Eq. (54) with 1λ = , 
and from now on we omit the subscript λ . To do this we split the time dependence of 
( ) ( )t s tsp pλφ φ=  into two terms, that is, in the nonrelativistic limit, let 
             2exp(i ) exp[i 2 )exp(i )Et p t m mt= ,                          (80) 
where the term containing the kinetic energy represents the nonrelativistic time-evolution 
factor, and then in the nonrelativistic limit, the term containing the rest mass should be 
omitted. Therefore, the nonrelativistic limit of Eq. (54) is  
        1 42 2 2 1 2non( ) ( ) ( ) ( ) exp(i 2 ) (2π)ts ts sp p p m p p t mφ φ ζ→ = .          (81) 
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Except for the 4-spinor ( ) ( )s sp pλζ ζ=  that stands for the spin wave-function, the 
remainder of non ( )ts pφ  is just the eigenfunction of the nonrelativistic time-of-arrival 
operator , which due to the fact that, the traditional theory of nonrelativistic 
time-of-arrival takes no account of particle’s spin.  
nonTˆ
VII. CONCLUSIONS 
Up to now, the theory of time-of-arrival is extended from nonrelativistic to relativistic 
quantum-mechanical case. Due to the particle-antiparticle symmetry, the relativistic 
time-of-arrival operator is a self-adjoint one, which also in agreement with the fact that, in 
order to obtain relativistic quantum mechanics, spatial and temporal coordinates have to be 
treated equally. As for a free Dirac particle, its time-of-arrival operator Dirac 1ˆ ˆ ˆT xα βτ= − −  
is to 2 2t x 2τ= + , as its Hamiltonian operator 1ˆ ˆH p mα β= +  is to , which 
displays a duality between coordinate representation and momentum-representation. A 
correct nonrelativistic limit of our theory can be obtained.  
2 2E p m= + 2
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